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1. Introduction. 

C o n s i d e r a b l e  e f f o r t  h a s  b e e n  e x p e n d e d  i n  r e c e n t  y e a r s  in an  e n d e a v o u r  
to u n d e r s t a n d  the s h o c k - s t r u c t u r e  p r o b l e m  and  s u r v e y s  c o n c e r n i n g  the 
s h o c k - s t r u c t u r e  p r o b l e m  c a n  be  found  in [1,  2, 3 ] .  Much  p r o g r e s s  in  th i s  
d i r e c t i o n  h a s  b e e n  m a d e  in r e c e n t  y e a r s  and the  a c c o u n t  i s  g i v e n  in r e f e r -  
e n c e s  [ 4 - 9 ] .  In  g e n e r a l  t h e r e  h a v e  b e e n  two t r e n d s  in th i s  d i r e c t i o n .  
F i r s t l y ,  the B o l t z m a n n  e q u a t i o n  i s  r e d u c e d  to the e q u a t i o n s  of m a c r o s c o p i c  
v a r i a b l e s  f o r  g e n e r a l  g a s  d y n a m i c s  b y  the  m e t h o d  of i t e r a t i o n  i n i t i a t e d  b y  
M a x w e l l  and  t h e s e  e q u a t i o n s  a r e  a p p l i e d  to s h o c k - w a v e s  u n d e r  s p e c i a l  c o n -  
d i t i o n s .  S e c o n d l y ,  the  m e t h o d  c o n s i s t s  in  s e e k i n g  a s p e c i a l  f u n c t i o n  w h i c h  
m a y  i m p l y  the  m a i n  c h a r a c t e r i s t i c s  of the  d i s t r i b u t i o n  w i t h i n  a s h o c k - w a v e .  
T h e  u n k n o w n  v a r i a b l e s  i n v o l v e d  in th i s  f u n c t i o n  a r e  d e t e r m i n e d ,  s o  t ha t  
the  f u n c t i o n  wi l l  s a t i s f y  e q u a t i o n s  of m o m e n t s  of the  s a m e  n u m b e r  a s  t ha t  
of the u n k n o w n  v a r i a b l e s .  T h e  m e t h o d  of M o r t - S m i t h  s e e m s  to be  t h e  on ly  
one w h i c h  b e l o n g s  to th i s  c a t e g o r y .  I t  s e e m s  tha t  t h e r e  i s  no s e q u e n c e  of 
l o g i c  w h i c h  e n a b l e s  one to f ind s u c h  a f u n c t i o n .  " T h e  w e a p o n  s e e m s  to be  
a c o m p l e x  of k n o w l e d g e  a c c u m u l a t e d  b y  e x p e r i e n c e s ,  w h i c h  m i g h t  be  c a l l e d  
i n t u i t i o n " .  

T h e  t e r m  " s t r u c t u r e "  a s  a p p l i e d  to g a s  d y n a m i c  d i s c o n t i n u i t y  r e f e r s  to 
the  v a l u e s  of  the p h y s i c a l  p r o p e r t i e s  of  the  f lu id  w i th in  the  s m a l l  bu t  f in i t e  
t h i c k n e s s  of  the  d i s c o n t i n u i t y .  T h e  m o s t  i m p o r t a n t  g a s  d y n a m i c  d i s c o n t i n u i t y  
i s  the  s h o c k - w a v e ,  in  w h i c h  t h e r e  a r e  a b r u p t  c h a n g e s  in  the  p h y s i c a l  c o n -  
d i t i o n s  (v iz .  v e l o c i t y ,  t e m p e r a t u r e ,  e re .  e t c . )  of a m o v i n g  f lu id .  Such 
a b r u p t  c h a n g e s  c a n  o c c u r  o n l y  w h e n  f low v e l o c i t i e s  e x c e e d  the a c o u s t i c  
v e l o c i t y  and  h e n c e  a r e  c h a r a c t e r i s t i c  of s u p e r s o n i c  f l o w s .  T h e  a c t u a l  zone  
w i t h i n  w h i c h  t r a n s i t i o n  f r o m  one p h y s i c a l  s t a t e  to a s e c o n d  t a k e s  p l a c e  
a r e  f i n i t e  bu t  e x t r e m e l y  n a r r o w  (of  the o r d e r  of  s e v e r a l  m e a n  f r e e  p a t h s  ). 
T h e  p r o c e s s  o r  m e c h a n i s m  t h a t  r e s u l t s  in  t h i s  t r a n s i t i o n  is  v e r y  c o m p l e x  
f r o m  a p h y s i c a l  a s  w e l l  a s  m a t h e m a t i c a I  p o i n t  of v i e w .  F u r t h e r ,  the  p r o b l e m  
of s h o c k - w a v e  s t r u c t u r e  i s  not  b e s e t  by  the  m y s t e r i e s  of g a s - s o l i d  i n t e r -  
a c t i o n s  on a m o l e c u l a r  s c a l e .  T h u s  s u r f a c e  e f f e c t s  s u c h  as  s l i p  do not  
g ive  r i s e  to a n y  s o r t  of  c o m p l i c a t i o n s .  T h e  s o l u t i o n  of B o l t z m a n n  e q u a t i o n  
i s ,  in  g e n e r a l ,  a m a t t e r  of  c o n s i d e r a b l e  d i f f i c u l t y ,  e v e n  in e a s e s  c o r -  
r e s p o n d i n g  to the  p h y s i c a l l y  s i m p l e s t  s i t u a t i o n .  

T h e  p r o b l e m s  in k i n e t i c  t h e o r y  of g a s e s  a r e  c o m p l i c a t e d  to h a n d l e  in 
P r a c t i s e  b e c a u s e  of the  i n t r a c t a b l e  n a t u r e  of  the  B o l t z m a n n  e q u a t i o n ' s  b i n a r y  
c o l l i s i o n  t e r m .  F o r  the  g e n e r a l  c a s e ,  one h a s  a n o n - l i n e a r ,  i n t e g r o - d i f -  
f e r e n t i a l  e q u a t i o n ,  the i n t e g r a l  i n v o l v i n g  a f i v e f o l d  i n t e g r a t i o n .  Up to now 
v a r i o u s  m e t h o d s  h a v e  b e e n  e m p l o y e d  to s t u d y  the  b o u n d a r y  v a l u e  o r  the 
i n i t i a l  v a l u e  p r o b l e m s  c o n n e c t e d  wi th  B o l t z m a n n  e q u a t i o n  and  the s a l i e n t  
f e a t u r e s  of t h e s e  m e t h o d s  a r e  s k e t c h e d  in [ 1 0 ] ,  We e m p l o y  the k i n e t i c  
m o d e l  of  B o l t z m a n n  e q u a t i o n ,  c o m m o n l y  known  as  the K r o o k  m o d e l .  T h e  
K r o o k  m o d e l  i s  c o n s i d e r a b l y  s i m p l e r  t han  the  s t a n d a r d  B o l t z m a n n  e q u a t i o n ,  
s i n c e  the  d i s t r i b u t i o n  f u n c t i o n  e n t e r s  in to  the  c o l l i s i o n  t e r m s  in a s i m p l e  
w a y .  T h e  m a t h e m a t i c a l  s i m p l i f i c a t i o n  i n t r o d u c e d  wi th  the  m o d e l  e n a b l e s  
one  to s o l v e  p r o b l e m s  w h i c h  a r e  p h y s i c a l l y  m o r e  c o m p l e x  t h a n  t h o s e  s o l u b l e  
w i th  the  s t a n d a r d  B o l t z m a n n  equa t ion ;  in a d d i t i o n ,  one is  ab l e  to t r e a t  
d e f i n i t e  i n i t i a l  and  b o u n d a r y - v a l u e  p r o b l e m s .  
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Moreover the model possesses at least the minimum requirements of a 
meaningful kinetic equation in spite of its obvious limitations as for instance 
disagreement with kinetic theory on the ratio of viscosity to heat conduc- 
tion coefficients. It has the required five collisional invariants~ it has the 
H-Theorem and it reduces to the equilibrium (max.)distribution in the 
long time limit of the spatially homogeneous case. More details about the 
model can be found in [ii]. 

In the present work is introduced a new approximation procedure based 
on the use of small perturbation technique for the solution of kinetic model 
equation in case of shock-structure problem. The molecules of the gas 
are considered to be monatomic but with no internal degrees of freedom. 
The influence of external forces on the distribution function is neglected. 
The results are shown to be in good agreement with those obtained by the 
other methods. The method is applicable in case of weak shocks and as 
far as the author is aware, the method of small perturbation technique was 
never applied for the solution of the problem of shock-wave structure. 
The calculations are simpler although quite tedious ~nd cumbersome. 

2. Basic Equation and Relations. 

The Krook model equation is written as 

af Df 
8--{ + v .  ~ r  = A n ( F  - f) (1) 

where f(r, v, t)is the distribution function and v, r and t are the molecular 
velocity-veCtor, the space vector and time respectively. The number A is 
a free parameter which in general may depend on the state of the gas. 

F in equation (i) is the locally Maxwellian distribution function represented 
by 

F = n ~ exp - ~ (v - u) (2) 

where u is the mass velocity of the flow and m, k and T are the mass 
of the particle, the Boltzmann constant and the absolute temperature res- 
pectively. Here n, u and T are, in general, functions of r and t, and 
given by 

n =f fdv (3) 

u = H v fdv (4) 

3 3kT  _ 1 j ( v -  u) 2 f d v  (5) 
2 ~  m n - - 

where the integrals are evaluated over the full range of the molecular 
velocities. 

We take shock-fixed coordinates with the velocity u in the positive x- 
direction. (fig. i). 

The state ahead of the shock-wave, i.e. for x --~-o% will be denoted by 
(i), the downstream state x--* +toby (2), viz. 

n(-~) = nl, u(-oo) = Ul etc. 
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and n(+~) = n2, u(+~) = u2 etc. 

S H O C K - W A V E  

FLow 

UPSTREAM 

Low Pressure 

n 1 , U l , T  1 , 

% 

DOWN STREAM 

High Pressure 

n2,u2,T 2 , 

F2 
x-axis 

Fig. i. Notation. 

Equation (i) for plane normal shock can be written as 

df 
v x ~ = An(F - f) (6) 

Integrating this formally for v x ~ 0, respectively, and imposing the boundary 
conditions 

~i a/2 
f(-=o;v_) = F I = n I (-9-) e x p  [-~l(v- u_l) 2] 

~3/2 
f(+oo;v_) = F 2 = n 2 ( ) exp [-~2(v-u2) 2] 

(7) 

(8) 

where the parameters are determined from the Rankine-Hugoniot condi- 
tions, we obtain expressions for the half-range distribution functions i.e., 

x x 1 
f ( x ; v  x > 0) = f+  A n F  e x p ( -  ~ - - - ~ - x  ) d x '  (9) 

_oo VX 
X' 

x ~ exp(- ] AnF Andx".] 
f(x;v x < O) = f : J --~)1 dx' (I0) 

+DO X' A U 

where we have omitted the "complementary-function" solution of (6) as the 
boundaries are at infinity. Far away from the shock f($oo),v) = FI. 2 (v) 
irrespective of the sign of Vx, and the boundary conditions will b-e satisfied. 
In other words at large distances from the shock the local flow parameters 
tend to the respective constant values at the boundary, the deviations from 
Maxwellian becomes increasingly small and at the limit the distribution 
function is identical to the Maxwellian and the boundary conditions are 
satisfied. The discussion of this point is given in [5], [7] and [12]. 

Inserting the values of f in (3), (4) and (5) we obtain 

m 3/~ n2 ~ x An m ) 2  
n(x) = A (-~-~-#) ~72 exp - __ - __ _ - _ + 

- o x , v x 2 k T  

n 2 1 exp - An dx" - m (v - U) 2 dvdx' (II) 
+ ~ v v 2kT - 

X 0 X X' X 
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)3/2 7 2 ;  1 ( x  i 
m n - - e x p  - A n  d x "  - m 

n(x)u(x) = A (~ T -] /2 v x v x 2 k T  
O 

s s {7 )l n 2 1 e x p  A n  dx '  m (v  u)  2 
i ' ' - v dv dx'. 

+ ~ v x v x 2kT 
X O 

{/ m 3/2 n 1 exp - An dx" -- 3k . n(x)T(x) : A (-~) 

m V x  V x  
o 

s f/ 1 j n ~ ,  An m 
-- e x p  - dx '  --- (V - u)  2 

v x v x 2 k T  
X o 

+ 

I n t e g r a t i o n  o f  t h e  e q u a t i o n s  ( 1 1 ) ,  
v z y i e l d s  

- -  (v - u) 2} + 

(12) 

m (v_u_)2}+ 

2 k T  

(v - u)  2 d v d x .  (i 3) 

(12)  a n d  (13 )  w i t h  r e s p e c t  t o  Vy a n d  

n ( x )  = A m _ _  1 

T �89 v x 
o 

; J  fj n 2 1 A n  , m 
+ _ _  e x p  - d x '  - 

T �89 v x v x 2 k T  
X O 

n ( x ) u ( x )  : A m 

O 

n e x p  - A n d x , ,  m + - - -y  
T ~ v x 2 k T  

X O 

n ( x ) T ( x )  = __2A m n 2 T �89 

3 
- O 

{x; } An dx" m 
--exp - - - -  (v x - u)2 + 

, v x 2kT 

(v x - u) 2}1 d v  x d x ' .  (14) 

Ix; } A n  d x "  m + exp , - (v x - u) 2 

, v x 2 k T  

- -  (v x - u)2}] dVx dx'. 

{/ } 1 exp - An dx" - m 

v x . v x 2kT (vx - u)2 

m } ]  
2 k T  (vx - u)2 d v  x d x '  + 

(15) 

+ 

;;(] + n2T �89 __i exp _ An dx" 

V x V x 
X o ' 

If  JIxi } _ _  ( r e ) s / 2  ~ A n  d x "  m (v  x u)2 + + 2A n 2 T  - e x p  - - _ _  - 

3 l / -#  2 k  . Vx 2 k T  
O 

; ; { ;  An dx" m + n2T -�89 exp - -- --- (v x -u) v dv dx '-mn(x)u2. (16) 

x o , v x 2kT x x 3k 

Equations (14)-(16) represent a set of singular, non-linear integral equa- 
tions. "Conservation of mass" relation is used to express n in terms of 
u and to eliminate one of the integral equations. In the following seetion 
small perturbation teehnique for solving the system (14)-(16) is developed. 
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3. General Method of Solution. 

T h e  d i s t u r b a n c e  n u m b e r  d e n s i t y ,  t e m p e r a t u r e  and  v e l o c i t y  u, T and  
a r e  i n t r o d u c e d  in  a m a n n e r  s i m i l a r  to t h a t  of  T a k a o  [ 1 3 ] ,  bu t  w i th  s u i t a b l e  
m o d i f i c a t i o n s  a s  follows ( s e e  the  A p p e n d i x  A): 

n = no(1 - eu) ] ]  

T T O [1 + e(1-7)~ i (17) 

u Uo(1 + e~) 

w h e r e  no,  T o ,  u o a r e  s o m e  r e f e r e n c e  n u m b e r  d e n s i t y ,  t e m p e r a t u r e  and  
m a s s  v e l o c i t y  w h i c h  m a y  be  c h o s e n  a s  

: �89 } T O + %) 
1 n o = ~(n I + n2) (18) 

1 Uo : ~(u I+u2) 

where nl, n2, ul, u2, T 1 and T 2 have the same meaning as shown in the 
Figure. 

Further e is very small and is written as 

and 

Ul.- U 2 
e = _ _  . (19) 

12. 1 + U 2 

l u l  <_ 1, I ~ l  <= 1, I ~ 1  ~ 1. (20) 

Again we expand u, ~- and ~ in powers of e as 

= ~ ~,(~)~n 
n--0 

= ~ ~n(X) cu 
n=0 

(21) 

w h e r e  n i s  now s u m m e d  up and  s h o u l d  no t  be  c o n f u s e d  w i t h  "n"  d e n o t i n g  
the  d e n s i t y  of  the  g a s .  

F u r t h e r  x = x o + ~ ' /e .  O u r  m e t h o d  c o n s i s t s  of  e x p a n d i n g  the  e q u a t i o n s  
(14),  (15) and  (16) in  p o w e r s  of  �9 and  f r o m  t h e s e  e x p a n s i o n s  we ge t  the  
g o v e r n i n g  e q u a t i o n s  f o r  Yo, 70 and  ~o; the  s o l u t i o n  of  w h i c h  wi l l  be  s o u g h t .  

L e f t - h a n d  s i d e s  of  e q u a t i o n s  (14) - (16)  a r e  g i v e n  r e s p e c t i v e l y  in t e r m s  
of c a s  f o l l o w s :  

n -- no(1 - eu)  (22) 

nn -- % % [ 1  + ~(~ - ~) - j ~ ]  (23) 

It is fit to remark here that in the proeeding analysis integral equation 
(14) is not used and instead we take advantage of the remark made at the 
end of  the  l a s t  section. 

Expressing the right-hand sides of the equations (15) and (16) in powers 
of �9 we get respectively 
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C[]; An o m 
i + e~ - e u  - r = - -  

UO -~ O 

I 1 x 1 + eL  1 + r  + . . .  
c 

x {similar expression}-- dx' dv x 

I An ~ _ _ m(Vx-Uo) 2 )  
exp (x-x') : x 

r v x 2kT  o 

j ;  I A n ~  - - " ( V x + U o ) 2 1  
e x p  ( x - x ' )  x 

, ( 2 5 )  

I +-- 
[( 2m.  m u  o 

+ e l-T)7 + -- 
3kT o 3kT o 

mAn ~ ~ m 
- ( 1 - v ) w  - 

3 k T  o 2k~rT o 

2 ] [mul ~2 --~Y - o  3 k T o  

mu o 2 mu 20 

- u v + c 2 L 3 k T -  
3kT  o 

mCvx-Uo)2][ 1 + c L  3 + 

2kT o J 

]i exp (x -x') - x 
~v 2kT o -co O X 

x [ 1  + cL 1 + r + . . . ]  x x + exp J- (x-x') x 
c - t r 2kTo 

X 0 

.-dVx / {.o__ 
• { s i m i l a r  t e r m s }  §  exp  - ( x - x ' )  - 

c 3 cv  x 

d x ' d v  x 
e2L4 + "" "1 + 

C V  x 

+ exp l---(x-x') [similar terms ] dx'dvz , (26) 

[. {vx 2 k T  o cv  x 
X O 

w h e r e  L 1, L 2, L 3 and  L 4 e t c .  e t c .  a r e  f u n c t i o n s  of  t h e  v a r i a b l e s  ~, v, ~- 
7 

[ v d x " .  M o r e o v e r ,  t he  o c c u r r e n c e  o f  t h e s e  v a r i a b l e s  in t he  a b o v e -  and  

m e n t i o n e d  f u n c t i o n s  i s  o f  t h e  s a m e  o r d e r  a s  t h a t  o f  < in t h a t  r e s p e c t i v e  
f u n c t i o n .  

I n t e g r a t i n g  t he  a b o v e  e q u a t i o n s  b y  p a r t s  and  a f t e r  s o m e  t e d i o u s  c a l c u l a -  
t i o n s  e q u a t i o n s  (25) ,  (26) g i v e  r i s e  to  t h e  f o l l o w i n g  e q u a t i o n s  r e s p e c t i v e l y :  

d~ d I-1 d'r Uo~ I d2~ d~z ] d~- 1 
2 T  - - -  ( l - T )  + ( l - T )  - - -  3 ( T + 1 )  - - -  ( T + 3 )  - - +  3 ( 1 - 7 )  - -  + 

dx dx dx A n o dx2 dx2 dx2 j 

d v  d u  dv d$ )] 
+ c (1-v)~ -- + (1-v)r -- + 2v~ ( - -- (27) 

dx dx dx dx J 
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(3~+5) 

dv  d~ CUo ~ / d$  
- (7+5) -- + 5(I-T) - 14vCr+4) 

d x  d x  d x  A n  o L 

-- + e ("/+5)u + ( 1 0 " 2 ~ ' 8 ~ 2 )  dx 2] dx  

209 

d2~ d2u 
+ (~2+87+5) --+ 

dx 2 dx  2 

dr dv d$ 

5(1-~)~ - - +  5(i-~)~ ( - -  ) + 
dx dx dx 

du d~ ] 
+ 2 v ~  ( ) . 

dx dx 

(28) 

Putting the series (21) in the above two equations we have up to O(e) 

d ~ l  dv  I d~ 1 u o d2~o  d ~  
2T -- - ( l +T )  + ( l - T )  - ( T - ~ )  - -  + (29) 

dx dx dx An o dx 2 dx 

d~ 1 du I d r  I Uo d2~o d~ 2 
(3T+5) - (T+5) + 5(I-T) - (T-l) + 5 (30) 

dx dx dx An o dx 2 dx 

d~o  
with (5-33') - 0 (31) 

dx 
d~ o 

From equation (31)w.e have T = 5/3 for ~ ~ O, the value which comes 

out of the analysis - confirming the physical fact underlying the B-G-K 
model itself. Moreover, in order to satisfy the Rankine-Hugoniot relations 
we must have u o = ~'o = ~o and this fact has been exploited in the above 
equations (29) and (30). Taking into account the remark made at the end 
of the last section, i.e. one of the integral equations can be eliminated with 
the aid of conservation of mass relation, we finally arrive at the following 
governing e q u a t i o n s  : 

for 

I0 d~ 1 8 du I 2 d~'l Uo 4 d2~o d[o 2 
. . . . .  + -- (32) 
3 dx 3 dx 3 dx An o 3 dx ~ , dx 

d~ 1 20 du I i0 d71 u o 2 d2~o d}o 2 
i0 - - -  + 5 ( 3 3 )  

dx 3 dx 3 dx An o 3 dx 2 dx 

~ I  - u l  = ~ o  2 (34) 

: 5 / 3 .  

With the help of (34) equations (32) and (33) reduce to 

i0 d~o 2 2 dv I d71 u o 4 d2~o d~o 2 
-- + (-- --) - -  --~ -- (35) 
3 dx 3 dx dx An o 3 dx 2 dx 

d~o ~ Io d-1 d~1 Uo 2 d~o d~o ~ 
10 + (-- ) - ---+ 5 (36) 

dx 3 dx dx An o 3 dx 2 dx 

From equations (35) and (36) it follows that 
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20 d~o 2 u o d2~o 
= - - .  6 ~ ( 3 7 )  

3 dx An o dx 2 

2 
d2~o i0 An ~ d~o 

or - -  = - ( 3 8 )  
dx 2 9 u o dx 

After integration equation (38) results as 

(- 

I - c exp  ~ 2 0 A n ~  

L 9u o 
~o = ( 3 9 )  

20 A n o x  
1 + c exp  

9 U o  J 

w h e r e  c i s  a n  a r b i t r a r y  c o n s t a n t .  T h i s  c o m p l e t e s  t h e  s o l u t i o n  of t he  p r o b l e m .  

Finally it is concluded that the method of small perturbation technique 
is suitable for studying the structure of weak shock-waves and the results 
seem to agree with the N-S solutions. 

APPENDIX A 

Expansion o f  n, T and u in t e r m s  of e = 

We write n as 

n I + n 2 n I - n 2 
n = + v 

2 2 

n I + n 2 n ! - n 2 
(1 + v )  

n I + n 2 

:= n o (1 + 
U 2 - U 1 

U 1 + U 2 

Hence 

n = n o (i - ~ v )  where 

Similarly 

T I + T 2 T 1 - T2 
T = + 

2 2 

T 1 - T 2 
= T (i + T) 

T 1 + T 2 

v) for nlu I = n2u 2. 

U 1 - U 2 
6 - 

U 1 + U 2 

"1" 

~ 1  - U 2  

U 1 + U 2 

( i )  

(II) 
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T 1 - T2 
We h a v e  to  e x p r e s s  in  p o w e r s  of  4 a n d  in  o r d e r  to  do t h a t  we 

T 1 + T 2 
u s e  the  n o r m a l  s h o c k  r e l a t i o n s .  We k n o w  t h a t  

u I - u 2 
- = 4 

u I + u 2 

u 2 1 - e  
OF - -  = 

u I 1 + 6  

Further the normal shock relations are 

(III) 

u 2 T-I 2 
- + 

u I T+I 

P2 2T 

Pl T+I 

T2 P2 u2 

TI Pl ul 

F r o m  (IV) we  o b t a i n  

l + e  
M 2 

1 = 
1 -eT 

2 
(T + 1)M 1 

T - 1  

T + I  

(iv) 

(v) 

(vi) 

The substitution of whieh in (V) yields 

P2 1 + T O  

Pl 1 - 4T 

Consequently (VI) gives 

o r  

r 2 

T1 

Z 1 - 

T t  

(1 + e+) (1  - 4 )  

( 1  - e T ) ( 1  + e )  

T 2 (1 + eT) (1  + 4) - (1 + 4T)(1  - e) 

+ T 2 

4(1  - ~) 

1 - 427 

( 1  - C T ) ( 1  + e )  - ( 1  + r  - c )  

r -T) neglecting higher powers of e. (Vll) 

Thus substituting the value of (T I - T2)/(T I + T2) in the expression for 
T we obtain 

T = T O [1 + c(1 - 7)~-] �9 (VII I )  

C a r r y i n g  ou t  t he  s i m i l a r  p r o c e d u r e  we  h a v e  

u = Uo  (1 + 4 ~ ) .  ( IX~  
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APPENDIX B 

Integrals used in the simplification of Equations (25) and (26) 

It seems sufficient to mention the type of integrals which we encounter 
in our analysis. Firstly, we come across the following type of integral viz. 

/ I - A n ~  } [  ] exp --- (x-z~') L(x ' ,  e) d x ' ,  
_co L 6Vx 

(i) 

w h e r e  L is some func t ion  of ~' and e. I n t e g r a t i n g  (i) by  p a r t s  one  g e t s  

L(x., c) exp (x - x ' )  
An o E o ev x d:~' 

dx' 

continuing this process one obtains 

 vx2dL cvx2j {A, ld2L 
L ( x , e )  --- (-- -- + (-- exp -- (x-x')~ '_ 2 d x ' .  

An o An o dx An o -~ ev x Jdx' 

It is  to be  no ted ,  h o w e v e r ,  tha t  p a r t i a l  i n t e g r a t i o n  is  r e p e a t e d  so  of ten  
tha t  the  r e m a i n i n g  i n t e g r a l  i s  of s u f f i c i e n t  s m a l l  o r d e r  in c so  as  to be  
n e g l e g i b l e .  

Second ly ,  we  have  the  i n t e g r a l  

j Xa et~kx2 dx 

O 

(ii) 

L2 

X 
mUo 2 m ( 1 - 7 )  n o j 

L 1 - (v• + - -  (Vx-Uo)2~ + vdx" ,  
kT o 2kT o ev x 

X' 

1 ; 
mnoUo 

no udx'  + (Vx-Uo) ~ vdx"  + 
e 2 Vx 2 kT ~ r Vx 

X' 

mn o (1 -T) / m 2 u 2 
+ (vx-Uo)27 j vdx"  + - - - - - ~  (Vx-Uo)2~ 2 

2kT o e v x 2k 2 To 
X' 

2 2 
m u  o m u  o (1-7)  mUo(1-7)  

_ _ _  ~ 2  + ( V x - U o ) 2 ~ T  - 
2 k T  o 2k 2 To 2 kT o 

m 2 ( 1 -7) 2 m( 1 -T) 2 
+ (%, -Uo) ~ 72 (vx - Uo)2 ~ 2 �9 

2 2kTo 2k 2 T O 

(vx-Uo)%7 + 

where n is an integer. This integral is well-known to the people working 
in kinetie theory of gases. 

Further the expressions for L I and L 2 are as follows: 
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A C K N O W L E D G E M E N T  

It i s  a p l e a s u r e  to  a c k n o w l e d g e  m a n y  s t i m u l a t i n g  and h e l p f u l  d i s c u s s i o n s  
w i th  P r o f .  dr .  R. T i m m a n  d u r i n g  the  c o u r s e  of  t h i s  w o r k .  
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